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Simulating the Nonlinear Dynamics of an Elastic Cable
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We present a new technique for simulating the time-dependent behaviorof an elastic material in general and the
nonlineardynamicsof a linearly elastic cable in particular. Results will be presented for both the small displacement
of a highly nonlinearly elastic material and the large displacement of a linearly elastic cable. The � rst simulation,
a small displacement of a nonlinearly elastic material, will be used to validate our numerical scheme against a
known analytical solution while the second simulation, the large displacement of a linearly elastic cable, will be
used to investigate the looping that can occur when wave interactions produce regions of strong local compression.

I. Introduction

T HE nonlinear dynamics of an elastic cable are extremely im-
portant to such phenomena as the towing of marine vehicles

and the deployment of tethered payloads in space. As a payload
is deployed, it oscillates between free � ight and impact, thus pro-
ducing a dangerous loading and unloading that can leave the tether
vulnerable to knotting.1 Unfortunatelymost investigationsare of ei-
ther a postdeploymentcon� guration,a tether in tension that is never
unloaded,2 or a benign deployment where the cable is unloaded but
undergoesonly a small displacement.3

Analytical results have been obtained for both loaded4 and un-
loaded5 cables,but it is requiredthat transverseoscillationsbe signif-
icantly less than the longitudinalwaves and that no wave re� ections
be present in the elastic media. Investigationshave also shown that
signi� cant linear tension waves can be produced by purely trans-
verse initial de� ections, provided a cable’s unloaded equilibrium
con� gurationis one in tension.6 However, althoughanalyticalinves-
tigationshave producedsigni� cant insight into the understandingof
wave propagationthey are not capableof predictingthe highly non-
linear wave interactions that are responsible for knotting an elastic
cable.

Thus, we present a numerical technique for simulating the time-
dependent behaviorof an elastic material in general and the nonlin-
ear dynamics of a linearly elastic cable in particular. Our scheme
solves the system of second-order partial differential equations,
which describes the force balance across an elemental segment of a
� exible cable. These equations are approximated by a third-order-
accurate,fully implicit time integrationwhose spatial terms are con-
structed from a second-order-accurate force balance across each of
the � nite mesh cells. By solving these equations in their second-
order form, we can simulate the nonlinear dynamics of an elastic
material without having to account for the loss of hyperbolicitythat
is likely to occur within its � rst-order counterpart.7

Nonlinear motions can be produced by either a small displace-
ment of a highly nonlinearlyelastic material or a largedisplacement
of a linearly elastic media. In the work to follow, we will present
simulationsof both these situations.The � rst simulation,a small dis-
placement of a nonlinearlyelastic material, will be used to validate
our numerical scheme against a known analytical result,8 whereas
our second simulation, the large displacement of a linearly elastic
cable,will be used to investigatethe loopingof a visco-elasticcable.
This highly nonlinear motion, generated by the large displacement
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of the elastic material, is initiated by an impact pressure loading
and unloading of a visco-elastic cable. This construction, although
arguably more academic than practical, was chosen to avoid the
shock-capturing/shock-� tting requirements of a nonlinearly elastic
material.9 A shock treatment based on anything more sophisticated
than simple estheticswould have to be constructedfrom a � rst-order
hyperbolic form of the the governing equations and the method of
characteristics.Unfortunatelyour results show that the loopingof an
elastic cable appears to be related to the presence of local compres-
sion, the very condition that renders the method of characteristics
invalid.7 Thus, our numerical scheme is � rst validated against the
analytical description of a small displacement unloading of a non-
linearly elastic material and then used to simulate the looping that
can be caused by the large displacement unloading of a linearly
elastic cable.

II. Governing Equations
Given both an external force b and a net external pressure p,

acting on the elemental line segment @s of a � exible cable, we can
write, for all time t , the following force balance10:

. fR ¡ fL / ¡ p}@sn C b D @m
@ 2r
@t 2

(1)

where fR and fL are the internal resistance forces generated on the
right and left ends of the segment’s deformedcon� gurationwhile } ,
@m, r, and n are its cross-sectional perimeter, mass, local position
vector, and outward surface normal, respectively.The conservation
of mass allows us to write

@m D ½a@s D ½ A@S (2)

where ½ is density; a is the cross-sectional area of the segments
deformed con� guration; and A and @S are the cross-sectionalarea
and arc lengthof the segment’s initial,undeformedcon� guration,re-
spectively.Thus, we can constructthe followingequationof motion:

@f
@S

¡ p}
@s

@S
n C b

@S
D ½ A

@2r
@t2

(3)

which, given that local stretch is de� ned as

¸ D @s

@S
D

r
@ri

@S

@ri

@S
(4)

can be written as

@f
@S

¡ p}¸n C b
@S

D ½ A
@2r
@t2

(5)

Here we can say that the cable is being elongated when ¸ > 1 and
compressed when ¸ < 1. We can also de� ne the local strain as

± D ¸ ¡ 1 (6)
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and note that the condition ¸ ¸ 1 minimizes the potential energy of
an equilibrium con� guration and need occur only at steady state.11

Thus, during an unsteady simulation, we would not be surprised to
� nd the local stretch dipping below unity and fully expect it to do
so during large-amplitude, nonlinear motions that are far from its
equilibrium con� guration. In fact, Dickey12 has shown that com-
pressive solutions can exist whenever an unloaded cable’s vertical
displacements are nonmonotonicand, under certain circumstances,
even when lightly loaded.

We can de� ne an internal force as

f D ¾al (7)

where ¾ is the local stress and l is the unit tangent vector. Given that

li D
@ri

@s
D

@ri

@S

1

¸
(8)

and assuming Hooke’s law, a linear relationshipbetween stress and
strain

¾ a D E A.¸ ¡ 1/ (9)

where E is Young’s elasticmodulus,we can then rewrite the internal
force as

fi D E A

³
1 ¡ 1

¸

´
@ri

@S
(10)

which allows us to write our equation of motion, Eq. (5), as

@
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µ
E A

³
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@t 2
(11)

A. Visco-Elastic Equations
To avoid the numerical dispersionerrors that are often generated

near sharp gradients and ensure that our simulations converge to a
steadyequilibriumcon� guration,we haveaddeda dissipationmodel
to the equations,Eqs. (11), thatwould otherwisebe perfectlyelastic.
Nonlinearsolutionsoften containsharp spatialgradientsthat are not
easily reproduced numerically. Thus, arti� cial dissipation models
are often added to suppress the numerical Gibbs phenomena that
can occur near sharp gradients. Internal friction forces are modeled
by a linear Voigt visco-elastic term13;14 of the form

fv i D ¹A
@ 2r

@S@t
(12)

where ¹ is the material’s extensional viscosity and the resulting
equations of motion can be written

@
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E A

³
1 ¡ 1

¸

´
@ri

@S
C ¹A

@2r
@S@t

¶
¡ p}¸ni C

bi

@S
D ½ A

@2ri

@t2

(13)

B. Two-Dimensional Equations
To avoid the dif� culties of modeling impact and rebound forces,

we have assumed that the cable can fold past, but not back onto
itself. When this phenomenonbegins to occur, the cable is allowed
to fold past itself, creating loops or knots instead of colliding and
rebounding, elasticallyor otherwise. Thus, without a loss of gener-
ality, we can describe the motion of this cable in an essentially two-
dimensional plane. Although this two-dimensional approximation
is arguably more academic than practical, one can easily imagine
this two-dimensional looping process as being the � rst step in the
more complicated three-dimensional knotting phenomena. In two
dimensions the unit normal can be de� ned as

¸ni D ¸.k £ l/ D ²i j
@r j

@S
(14)

where ²i j is the alternating tensor with components ²11 D ²22 D 0,
²12 D 1 and ²21 D ¡1. Thus, Eq. (13) becomes the following nonlin-
ear, coupled system:

@

@S

µ
E A

³
1 ¡ 1

¸

´
@r1

@S
C ¹A

@2r1

@S@t

¶
¡ p}

@r2

@S
D ½ A

@2r1

@t 2
(15)

@

@S

µ
E A

³
1 ¡ 1

¸

´
@r2

@S
C ¹A

@2r2

@S@t

¶
C p}

@r1

@S
D ½ A

@2r2

@t 2
(16)

which we can solve in the nondimensional form
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W D
µ

r1

r2

¶
; F D

2

6664

³
1 ¡

1

¸

´
@r1

@S
C Q¹

@2r1

@S@t
³

1 ¡ 1

¸

´
@r2

@S
C Q¹

@2r2

@S@t

3

7775

B D

2

64
¡ QP @r2

@S

QP @r1

@S

3

75 (18)

and Q¹ D .¹=E /
p

.½L2=E/ is called the loss coef� cient, Qp D
p}L=E A a nondimensionalpressure, and L a reference length. We
note that Dickey12 has shown that compressive solutions can only
exist when a cable’s vertical displacements are nonmonotonic and
.p}L=A/2 < E2 . In the simulations to follow, we have employed a
loss coef� cient of Q¹ D 2:5 £ 10¡4 , which is typical of such metals
as aluminum, copper, or steel alloy. To this cable we have applied a
vertical pressure loading of a magnitude and duration large enough
to generate the amplitude displacements needed to produce both a
nonmonotonic and compressive behavior.

III. Numerical Construction
The equationsofmotion justdescribed,Eqs. (18), are integratedin

time by the followinghigher-orderaccurate,fully implicitscheme15:

´1Wn C 1 C ´2Wn C ´3Wn ¡ 1 C ´4Wn ¡ 2 C ´5Wn ¡ 3

1t2

D
µ

@F
@S

C B

¶n C 1

(19)

The spatial terms in this scheme are approximatedby second-order-
accurate central differences, whereas the temporal terms are con-
structed from one-sided differences of second-order accuracy or
higher. In fact, by choosing ´1 D 35

12 , ´2 D ¡ 104
12 , ´3 D 114

12 , ´4 D ¡ 56
12 ,

and ´5 D 11
12 we can obtainan approximationto the secondderivative

in time that is both third-orderaccurate and dissipative.By ensuring
that the leading terms of this approximation’s truncation error are
diffusive rather than a dispersive, one hopes it minimizes the like-
lihood of generating any numerical Gibbs phenomena near sharp
gradients.In fact our studieshave shown that numericaloscillations,
comparable to those obtained in transonic � ow simulations, can be
producedby a centrallydifferenced,second-order-accurate approx-
imation. Because we have chosen not to transform our governing
equations into a � rst-order hyperbolic system, we cannot employ
either of the well-known shock-capturing techniques of explicitly
added arti� cial dissipation16 or higher-orderupwind differencing.17

Thus, considerable effort was made to tailor our numerical scheme
into a form whose truncation error was both higher-order accurate
and dissipative. By choosing to solve the governing equations in
their second-order form, we can simulate wave interactions that
result in regions of local compression. Unlike the method of char-
acteristics, which is based on the � rst-order form of the governing
equations, our numerical scheme is not rendered invalid by the loss
of hyperbolicity7 that occurs when ¸ < 1. Furthermore, the sym-
metry of our spatial approximations allows us to capture physical
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symmetries for durations longer than could be expected from a hy-
perbolic upwind scheme. In fact our results will show that the un-
loading of a visco-elasticcable can be simulated to its � nal equilib-
rium state without a signi� cant loss of symmetry.

Because these equations are nonlinear, the implicit terms must
be constructed with considerable care. Approximate factorization
schemes18¡20 achieve considerable numerical ef� ciency, at the ex-
pense of a reduction in time accuracy, by linearizing the implicit
terms within each time step. These schemes are suitable for steady-
state simulations but less than ideal for time-accurate ones. Thus,
we have chosen to follow Jameson’s approach21 and have embed-
ded within each time step an iteration procedure that allows us to
construct the implicit terms without employing an approximatefac-
torization.This procedure can be described by � rst constructing the
residual

R D ´1Wn C 1 C ´2Wn C ´3Wn ¡ 1 C ´4Wn ¡ 2 C ´5Wn ¡ 3

1t2

¡
µ

@F
@S

C B

¶n C 1

(20)

and then de� ning a � ctitious � rst-order ordinary partial differential
equation of the form

@W¤

@t¤
C R¤ D 0 (21)

where

R¤ D ´1
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1t 2
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µ
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1t2
(22)

and W¤ ! Wn C 1 when the � ctitious time-dependentequationcon-
verges to the steady-state solution

@W¤

@t¤
D R¤ D 0 (23)

To converge this � ctitious unsteady equation, Eq. (22), to its
steady state,we have chosen to integrateit with a four-stageRunga–

Kutta scheme22 whose coef� cients ®1 D 1
4 , ®2 D 1

4 , ®3 D 1
2 , and

®4 D 1 are chosen to enhance steady-state convergence. In each
of the simulations to follow, using a � ctitious time step of size
1t¤ D 1:25 £ 10¡7, we were able to reduce the average residual NR¤

to at least O.10¡9/ within 15 iterations.

IV. Code Validation
To validate our code against an analytical solution, we have cho-

sen to simulate thedynamicsof a transverselyimpactedcable.Given
an elastic cable whose internal forces are governed by the nonlinear
Mooney–Rivlin constitutive relation23;24

fi D
E A

¸

µ
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¸

³
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¸2

´¶
@ri
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(24)

where 0 · ¯ · 1, Wegner and Haddow8 have shown that an analyt-
ical solution can be constructed for the case in which one end of an
initially horizontalcable is displaced by a constant vertical velocity
while the other end is held constant. This transverse impact propa-
gates disturbances through the cable by the following longitudinal
and transverse wave speeds:
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which are both unsteady and nonlinear.
To simulate this motion, we � rst select ¯ D 0:6, a value most

appropriate for simple tension,8 and then set one end of the cable in

Fig. 1 String position: nonlinearly elastic cable.

motion with a nondimensionalvelocity of unit value. For a cable of
length l D 1 and a uniform grid spacing of 1S D 2 £ 10¡3 , a time
step size of 1t D 5 £ 10¡4 , or a Courant number of Cn D 0:25, was
chosen to time advance our calculations.

Shown in Fig. 1 are the cable positions at nondimensional times
of t D 0:2; 0:4; 0:6; 0:8. Here the left end of the string is pulled
downward with a constant vertical velocity while the remainder of
the string is allowed to respond accordingly.Given that a timescale
of t D 1 is needed to traverse the end of our cable a vertical dis-
tance equal to its original length, the results shown in Fig. 1 have
occurred before the longitudinalwaves could reached the � xed end
of the cable. From these results, after 1600 time steps we can see
only a marginal difference between the numerical and analytical
solutions.At each of these moments in time, the wave disturbances
have been captured by our numerical scheme with an accuracy that
is immediately obvious. In fact, the error in the angle between the
cable’s current and original positions is less than 2% and shows that
the nonlinearwave speeds of Eqs. (27) and (28) have been captured
accurately by our numerical scheme.

V. Pressure Impacted Cable
To investigate the nonlineardynamics of an elastic cable, we � rst

return to Hooke’s law and its linear model of the internal restoring
forces, Eq. (10). This model results in the following longitudinal
and transverse wave speeds:

CL D §.E A=½/
1
2 (27)

CT D §[.E A=½/.1 ¡ 1=¸/]
1
2 (28)

from which it becomes clear that the propagation of small distur-
bances will be linear because the longitudinal velocity, which it
constant, will dominate over the transverse ones. However, for dis-
turbances that generate enough stretch to cause the transverse ve-
locities to become signi� cant the motion will instead be nonlinear.
When the stretch is ¸ < 1, the transverse velocity becomes imagi-
nary, the equations of motion are no longer hyperbolic, and results
obtained from any scheme based on the method of characteristics
would no longer be valid. Thus, we have based our scheme on the
second-order equations of Eqs. (18) and (19), which are valid for
all values of stretch.

Although one can argue that it is physically unrealistic to use
Hooke’s law for large values of stretch, we have done so to avoid
the shock formations that are sure to occur with nonlinear models
like the Mooney–Rivlin relation.25 A nonlinearmodelwould require
a shock-capturingapproach similar to those found in compressible
� uid dynamics.Once these equationsare no longerhyperbolic,their
transversevelocitiesbecome imaginary, and their solutionscease to
be wave-like. Thus, we hope to establish a correlation between the
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nonlinear behavior of our cable and the loss of hyperbolicity that
occurs when ¸ < 1, without the added uncertainty that would surely
be introduced by a numerical shock treatment.

For a cable of unit length l D 1 and a uniform grid spacing of
1S D 2 £ 10¡3 , a time-step size of 1t D 5 £ 10¡4 was chosen to
time advance our calculations. This time-step size, based on the
longitudinal wave speed, corresponds to a Courant number of 0.25
and thereforerequires2000 time steps to convecta disturbancefrom
oneendof thecable to theother(both ends� xed in spaceat all times).
This Courant number was chosen not for numerical stability but to
maintain temporal accuracy. To generate the large initial displace-
ment that we want, we have imposed a transient pressure loading
onto our cable of the form

Qp D j QpjfH [S ¡ .0:5 ¡ k1S/] ¡ H[S ¡ .0:5 C k1S/]g

£ f1 ¡ H[t ¡ .n1t/]g (29)

where j Qpj D 3000 is the magnitude of the nondimensionalpressure
loading, H is the Heaviside step function, k D 4, and n D 10. Thus
a “top-hat” pressure distribution,nine mesh cells long and centered
on the middle of the cable, is applied for 10 time steps before it
is instantaneously removed. This loading adds enough energy into
the system to displace the middle of the cable a distance of approx-
imately r2 D 0:15 before it is released and the cable is allowed to
vibrate.

Once the pressureloadingis removed,a seriesof disturbancesare
generated in opposite directions along the cable and travel toward
the � xed endpoints. These disturbances re� ect off the end points
and travel back and forth across the cable, interacting as they pass
each other at the center of the cable. Finally, after numerous re� ec-
tions these disturbances are slowly damped to a steady state by the
presence of the visco-elasticmodel.

This nonlinearwave propagationcan be seen in the time sequence
shown in Figs. 2–6. In each of these plots, four instantaneous ca-
ble positions are shown immediately before and after the re� ected
waves interact at the center of the cable. Figures 2–6 show the � rst
wave re� ections, the � rst interactionof the � rst re� ected waves, the
second wave re� ections, the interaction of the second wave re� ec-
tions, and � nally the 50th wave interaction, respectively. In each
case the symmetry of these results illustrates a signi� cant lack of
dispersion error, the foundation upon which our scheme was de-
signed. In fact symmetry is maintained well beyond these 50 inter-
actions, which, by itself, is a signi� cant achievement because they
occur 100,000 time steps beyond the initial loading and well be-
yond the time one might expected a numerical asymmetry to have

Fig. 2 String position: linearly elastic cable: � rst wave re� ection.

Fig. 3 String position: linearly elastic cable: � rst wave interaction.

Fig. 4 String position: linearly elastic cable: second wave re� ection.

Fig. 5 String position: linearly elastic cable: second wave interaction.
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Fig. 6 String position: linearly elastic cable: 50th wave interaction.

Fig. 7 Stretch: linearly elastic cable: � rst wave re� ection.

developed. Clearly the dispersion errors within these results are
minimal.

In each of these sequences, re� ected waves are propagatingback
and forth along cable and colliding and interacting in a nonlinear
fashion. Even the long duration results after 50 collisions (Fig. 6),
although relatively smooth, are still signi� cantly nonlinear. In fact
the multiple in� ection points that can be seen along the cable at the
various moments in time are simply never created in similar small
disturbance simulations.

During the � rst interaction, Fig. 3, we can observe a looping of
the cable that is absent from the interactionsat later times. In fact, a
similar but signi� cantly smaller loop was also observed during the
second interaction, Fig. 5, but then never seen again.

In Figs. 7–11 we have plotted the instantaneous stretch at four
moments in time immediately before and after the wave interac-
tions that occur at the center of the cable. These results compliment
the cable positions shown in Figs. 2–6 and again illustrate the sym-
metry of our calculations.In this sequenceof results, Figs. 7–11, we
� nd signi� cant regionsof local compression,¸ < 1:0, and a general

Fig. 8 Stretch: linearly elastic cable: � rst wave interaction.

Fig. 9 Stretch: linearly elastic cable: second wave re� ection.

reduction in the magnitudeof the stretch over time. From our simu-
lations we have observed that these loops occur when the re� ected
waves interact in the center of the cable, the transverse velocity is
complex, and its magnitude is roughly greater than or equal to that
of its longitudinal counterpart, occurring when ¸ < 0:5.

Finally, we note that as this simulation was time advanced the
energy added to the system by the initial pressure loading was sys-
tematically reducedby the viscousdamping. In fact the time history
of the total energy

ET D
Z 1

0

(
¸2

2
¡ ¸ C 1

2
C 1

2

­­­­
@r

@t

­­­­
2
)

dS (30)

was damped, exponentially to zero, as the cable slowly converged
to its steady state. Furthermore, no oscillations in the total energy
were produced by the looping of the cable, and we note that the
complexity and frequency of this looping was highly dependent on
the visco-elasticityof the cable. As one might have expected, loops
were more topologicallycomplexandobservedmoreoftenwhen the
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Fig. 10 Stretch: linearly elastic cable: second wave interaction.

Fig. 11 Stretch: linearly elastic cable: 50th wave interaction.

cable’s loss coef� cient was made smaller, rather than larger. In fact,
calculationsrunwithoutanyviscosity,oftenproducedsolutionswith
multiply lobed loops that did not diverge nor converge to a steady
state.

VI. Conclusions
With this work we present a new technique for simulating the

time-dependent behavior of an elastic material in general and the
nonlinear dynamics of a linearly elastic cable in particular.

This numerical scheme approximates the system of second-order
equations that governs the force balance across an elemental seg-
ment of a � exible cable. These equations were solved by a third-
order-accurate, fully implicit, time integration, whose spatial terms
were constructedfrom a second-order-accurate forcebalanceacross
each of the � nite mesh cells. Considerable effort was expended to
tailor this numerical scheme into a form whose truncation error
was both higher-order accurate and dissipative; thus, allowing us
to simulate the nonlinear dynamics of an elastic material without
having to account for the loss of hyperbolicity that occurs within
its � rst-order counterpart. Furthermore, the symmetry of this spa-
tial approximation allowed us to capture physical symmetries for

durations longer than could be expected from an upwind scheme.
In fact, results showed that the unloading of a visco-elastic cable
could be simulated to its � nal equilibrium state without a loss of
symmetry.

Resultswerepresentedforboth the small displacementof a highly
nonlinearlyelastic material and the large displacementof a linearly
elastic cable. The � rst simulation, a small displacement of a non-
linearly elastic material, was used to validateour numerical scheme
against a known analytical solution,whereas the second simulation,
the large displacementof a linearly elastic cable, was used to inves-
tigate the looping that can occur when wave interactions produce
regions of strong local compression. This highly nonlinear motion,
generated by the large displacement of the elastic material, was
initiated by an impact pressure loading and unloading of a visco-
elastic cable. From these simulations it was observed that loops
occurred when the re� ected waves interacted in the center of the
cable, the transversevelocities were complex, and their magnitudes
were greater than or equal to that of their longitudinalcounterparts.
Finally, it was also observed that the topologicalcomplexityof these
loops, and the frequencyof their occurrence,were highly dependent
on the visco-elasticityof the cable material.
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